ELTE IK Discrete mathematics I, Spring 2025 Problem set 6

Problem set 6: Functions

Summary of theory

function: A relation f C X x Y is a function if: Va,y,y' : (z,y) € fA(x,y) e f=y=1y.
Notations:

e If f is a function then f(x) =y < (z,y) € f.

e X — Y denotes the set of all functions f C X x Y.

e fe XY & fCX XY is a function.

e [ XY e (feX =Y Adnn(f) =X).
A function f: X — Y is

e injective if: Vxy, o,y : f(x1) = f(x2) = x1 = w9;

e surjective, if rng(f) =Y and

e bijective, if it is both injective and surjective.

Questions

Q1 In each of the following examples decide if the relation R is a function. If R is a function
then determine the domain and range of R and decide whether R is surjective, injective and/or
bijective.

(a) A={1,2,3,4,5}, B = {10,11,12,13,14}, R = {(1,11), (2,11), (4,12), (5,10)} C A x B
(b) A= {1234}B {a,b,c,d,e, f}, R ={(1,a),(2,¢),(3,¢),(3, f),(4,a)} CAx B
(c) A={1,2,3,4,5}, B={a,b,c,d,e,f},R = {(1,(1),(4,6)( d)} CAxB

(d) A={1,2,3},B={1,3,5}, R={(1,1),(2,5),(3,5)} C AXB

Q2

(a) Let f:R — R, f(x) := 3z — 4. Prove that function f is bijective, and find the inverse of f.
(b) Let g : R — R, g(x) := 3 — |z|. Prove that function g is neither injective, nor surjective.

Q3 In each of the following examples decide whether f is a function.

a) fCNxNuzfy < z|y

b) fC{0,3,5} x {1,2,5},2fy <= x2y=0

(¢) fC{1,2,5} x{0,3,5},2fy < xzy=20

(d) f CNxN,zfy <= the set of digits contained by the base-10 form of x equals the set of
digits in the base-10 form of y.

(e) fCNxNzfy < 2x=y

(f) fCZxZxfy <= 2° =y

(g) fFCNxNzfy <= 2°=y°

(h) fCRxRzfy < 2> +y>*=9
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Q4 In each of the following examples decide if the given binary relation is a function.
(a) fi={(z,y) ERxR|Tx =9y} CR xR

(b) fo={(z,y) eERxR|z=9y*+6y} CRxR

(c) fa={(z,y) eRxR| 722 -6=y} CRxR

(d) fa={(z,y) ERxRy | y=|z[} CRxR]

(e) fs={(r,y) eRxR|y=(r+4)>?*}CRxR

(f) fo={(z,y) eRx Ry [2y=+/2} CR xRy

(8) fr={(z,y) EZXZ|T|x—y} CZXL

(h) fs =A{(z,y) € R\ {0}) x (R\{0}) [ zy =1} C (R\ {0}) x (R {0})

(i) fo={(z,y) eRxR|zy=1} CR xR

(1) fo={(z.y) EZXZ ||z —y| <3} CZXZ

k) fu={(z,y) eRxR|y(l—2*)=2z—-1} CRxR

D) fiz = {(z,9) € (R\{1, =1}) x (R\ {1, =1}) | y(1-2°) = 2 —1} C (R\{1, —1}) x (R\{1, ~1})

About each relation that is a function decide if it is injective, surjective and/or bijective.

Further questions

Q5 Let m € RT and A = {all isosceles triangles with height m (from base)}, B = R*. Define the
binary relation R C A x B as follows: aRb,a € A,b € B, if the area of a equals b. Show that
R is a function, and examine the properties of f (i.e. decide if f is surjective, injective and/or
bijective). (1 point)

Q6 Prove that the inverse of a function f is also a function if and only if f is injective.
(1 point)



